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Abstract 

We study the quantum integrability of nonsimply-laced afiine Toda theories defined on 
the half-plane and explicitly construct the first nontrivial higher-spin charges in spe- 
cific examples. We find that, in contradistinction to the classical case, addition of total 
derivative terms to the "bulk" current plays a relevant role for the quantum boundary 
conservation. 
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Two-dimensional quantum field theories defined on a manifold with boundary are 
interesting for the description of various physical phenomena If the boundary system 
is quantum integrable, an exact scattering matrix can be constructed and the model 
is on-shell completely solvable 0. The existence of an exact S matrix is guaranteed 
whenever the model possesses symmetries generated by high-spin conserved charges. 

Classical integrability has been studied for affine Toda theories based on simply-laced 
as well as nonsimply-laced Lie algebras 0, ^. Recently we have addressed the issue of 
boundary conservation at the quantum level . In particular we have considered the first 
relevant quantum currents for the sinh-Gordon model and the a^^ Toda systems defined 
on the half plane, perturbed by a boundary potential. Here we extend the analysis to 
the case of nonsimply-laced affine Toda theories. We have found that in order to ensure 
current conservation at the quantum level, total derivative terms need to be added to 
the currents. These terms, while irrelevant at the classical level, are crucial for the 
construction of exact quantum symmetries of the theory. We explicitly present the results 
for the spin-4 currents of the ^3^'' and theories. 

We work in euclidean space with the following notation for coordinates 

Xq + ixi _ Xo — ixi . 
X = 1= — X = ^ — (1) 

and derivatives 

d = d^ = ^{do~tdi) d = ds = ^{do + idi) n = 2dd (2) 

An affine Toda theory based on a Lie algebra Q of rank A^, has an exponential inter- 
action of the form 

N 

V = Y^q^e^r't> (3) 
i=o 

where a^, {j = 1, ■ ■ ■ , A^) are the simple roots of the Lie algebra and ao = — J2jLi QjOij, 
with Qj the Kac labels (go = !)• It has been shown that if one restricts the class of 
boundary potentials p|, ||, ^ to 

i? = f:a!,eH-^^ (4) 

j=0 

with appropriate coefficients dj, the corresponding boundary Toda model defined by the 
action 

S = ^jdPx l^(xi) \^dj- dj+ - 5{x^)B^ (5) 
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is classically integrable. Indeed, in the upper half-plane xi > 0, one can construct an 
infinite number of conserved charges as follows: first one determines the currents which 
satisfy the classical conservation laws in the "bulk" xi > 

+ a0(") = + 9e(") = o (6) 

Second one checks that the following boundary conditions are satisfied 

jf") =^(Jin)_Jin)_Qin)_^Qin)\ 
^ xi=0 V / 

with So a local function of the fields evaluated at xi = 0. Finally one obtains the 
corresponding conserved charges as 

= dx^j^^ + sj") (8) 

Jo 



xx=0 



(7) 



where J^"^ = J(") + J(") + G^") + e^*"). Notice that the relations in (|), are vahd 
on-shell, i.e. using the equations of motion in the bulk region 



N 



□ ( 



and at the boundary 



d(t)a 



dxi 



j=0 



dB 



(9) 



(10) 



xi=0 



As a final remark we observe that given J("), e("), J("), e(") satisfying the con- 
servation equations in equivalent sets of currents can be constructed adding total 
derivative terms 



jH _^ j{n) ^ 

Indeed hold unmodified, while 

ji-) ^ ji-) -^^^^{U -U) 



(11) 



An) 



a;i=0 



(12) 



Consequently the corresponding charges are conserved and identical to the ones in (|^). 
Thus at the classical level total derivative terms in the currents are undetermined and 
not relevant for the conservation laws. This situation changes completely in the quantum 
case to which we turn now. 
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In order to extend the above analysis to the quantum level it is convenient to recast 
the problem in a perturbation theory approach, so that classical results correspond to 
tree level calculations and quantum corrections are given by loop contributions. In the 
following we use the same techniques described in [|, which allow to obtain exact, all 
loop-order results. Here we only summarize the clue steps and the main formulas. 

The classical conservation equations in (|^) and (0) are reexpressed in perturbation 
theory as 

B {J^'^^x, x)) = B {J^'^^x, x) e-^^)^ = -3 (e(")) (13) 



for Xi > and 



t\x,x)) ^ ^ Urix^x) e-^'O, = -d, (So) (14) 



xi=0 



xx=0 



at Xi = 0. 

We have defined the interaction term Si = + , where SY = ^ dxo Jf^°° dxiV, 
with V the affine Toda potential (^ and = dxoB, with B the boundary 

perturbation (^). The calculations are then performed using massless propagators 



'2 



0' 

Gij{x^ X ) - 5ij 
47r 



log2|x - a;'p + log2|2: - x'l^ (15) 



and normal ordering the exponentials in V and B so that no ultraviolet divergences are 
produced. 

A theory defined on a manifold with boundary is quantum integrable if one can show 
that the conservation equations in ([T3|), (|14D are not spoiled by anomalies. Anomalous 
contributions would arise if Wick contractions of the currents with the interaction expo- 
nentials produce local terms which cannot be written as total derivatives. Moreover local 
contributions arise only if the calculation of the l.h.s. of eqs. (pTSf), (p^) produces enough 
two-dimensional and one-dimensional (^-functions, so that the integrations in Si might 
be performed explicitly. 

Thus we proceed through a series of subsequent steps: first we consider the conser- 
vation equation in the bulk region, (|T3|). At this stage the current J^"-* is given by the 
most general expression of spin n, i.e. a sum of terms containing n (9-derivatives of the 
fields with coefficients to be determined. Then we compute to all-loop orders the local 
contributions that arise from It is easy to realize that it is sufficient to expand 

the exponential to first order in SY , since only one two-dimensional ^-function can be 
produced in the course of this calculation. Indeed using in the half plane the relation 
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we obtain local expressions. They are of two kinds: total 5-derivative contributions which 
give rise to the trace, and terms not expressible as ^-derivatives which must vanish in 
order not to produce anomalies. The yet undetermined coefficients in the current must 
be chosen so to cancel these potentially anomalous terms. In this fashion the quantum 
current J*-"-* and its corresponding quantum trace O^"-* defined for xi > can be computed 
exactly. 

The second part of the calculation involves directly the boundary perturbation. The 
quantum expressions just obtained for J*^") and 9^"^ in the bulk are used in = 
il^ji"^) — ji"^) _ @(") -)- 0(")) and then the condition (|14D is imposed at the boundary. Again 
one is searching for potential anomalies, i.e. local terms which are not ^o^derivatives. 
In this case in order to isolate these local contributions one needs consider higher-order 
terms in the expansion of the interaction potential, at most first order in V, but possibly 
higher order in B. Indeed repeated use of the relation 

1™ It ■■ — rr - i — ■■ — tt \ = 77— TTT"9,tn ^^(^^o - wq) (17) 

x,^0+ \{xo - Wo - IXi)'' (xo - Wo + ixi)'' J {k-l)\ ""^ ^ ^ ^ ^ 

might allow to perform several integrations along the one-dimensional boundary, thus 
producing local terms. 

As a final step one has to analyze the local contributions which cannot be written as 
c?o-derivatives of suitable expressions, and understand whether they correspond to real 
boundary anomalies. 

This briefly describes the general procedure. Now we want to examine the role played 
by total derivative terms that, as we have anticipated, become relevant at the quantum 
level. The addition of a dU term to the J^"-* current modifies the quantum conservation 
condition in the bulk by a term d{dU) = dd{U). As explained above one computes 
the local terms from d{U) and identifies the corresponding contribution to the quantum 
trace. Clearly no anomaly is produced, being the result automatically in the form dA, 
but while the tree level (classical) contributions in A are equal to dU, the loop (quantum) 
corrections are not reexpressible in general as (9-derivatives. Obviously this means that 
these terms might lead to quantum corrections in which are not (9o-derivatives and 
therefore affect the boundary condition (0) in a nontrivial manner. 

In this letter we present the quantum results for two cases, namely the spin-4 current 
conservation for the ^3^^ = a^^ and the C2^^ nonsimply-laced Toda models. A general and 
more detailed discussion will be reported elsewhere 0. 

The d^^^ ajjine Toda theory 
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This nonsimply-laced theory is described by the lagrangian 

[5^c = e{xi 



-5{x{)B 



with B given by 



(19) 



The first nontrivial high-spin conserved current in the bulk region is at spin 4, with a gen- 
eral form including total derivative terms (based also on the symmetry of the lagrangian 
under 02 -^2) 



J(4) 



+G'a((a(/)2)'a0i) + //a((90i)=^) + id{d(j)id''(Pi) + jd{dcp2d''(P2) 



(20) 



The quantum conservation of this current for the theory defined on the whole two- 
dimensional plane has been studied in detail in Ref. 0, where the coefficients A, B, . . . , F 
have been determined (with a = ^) 



A 
E 



1 + 



a 
12 



a 



B = C 



a 
12 



'1 + 3a + a 



1 23 
1 + —a + a 



D = 2 + ?>a + a^ 
3 



a 



(21) 



As emphasized above the conservation equation ( [TB| ) does not impose any restriction on 
the constants G, H, I, J. We have computed the quantum trace and found 



e = 00 + 61 + 62 



(22) 



where 

eo 



(1 H a + -a^ + -a^) H {G + H) (/ + J) 

8^ 18 6 9 ^ 16^ ' 8^ ' 



(901+902)' + 



+ 
+ 
+ 
+ 



(501 



^G+kl + -)H--I 
4 2^2^ 2 . 

-(l + a)G--J 
2^ ^ 2 . 

(l + ^a)G' + ^ai7-^(/ + J) 
^44 2 



+ 



(902)2 + 



+ 



a , 5 a a 

— (1 + -a 

24^ 6 2 3 



— (G + H) + -(I + J) 
16^ ^8^ ^ 



(9201 + 9^02) + 



+ 1/ 9^01 + 9^02} e-<^- 
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ei 



a , 10 r, 2 o, 

b 6 6 



(3 + 6a + 2a2)// _ 2(1 + a)/ 



+ 
+ 



(1 + 3a + 2a^ 

36^ 



G 



(502)' + 



a^//- (1 + a)/ 



^2 



eo( 



-02) 



(23) 



The quantum expressions in ([2^) , (^) and (|2^) are then used to compute jf^ , and finally 
the boundary condition (|Iip is imposed. The local terms from the computation of the 
l.h.s. of (|1^ which are not total (?o-derivatives of suitable expressions, group themselves 
into two separate sets, terms containing three 9o-derivatives and terms with one d^- 
derivative. The first set of terms automatically adds up to zero once use is made of the 
specific form of the boundary potential in (|1^). Absence of anomalies requires also the 
cancellation of the second set of terms and this leads to the following equations 



{G - 3H)do = 



(3 + 2a - a^)dido - 



6 + 10a + -a^ - — a^ - a^ - -a^+ 
3 9 9 

+4a(3 + 3a + a^)H + 4a(l + a)l] do = 



a ,2 , a 
-d^di + - 



5 55 2 5 o a^ ,^ " 

1 + -a H a^ H a'^ H h (1 + a H )G+ 

2 36 12 18 ^ 4 ^ 



+ (3 + 3a + - (2 + ^a)I - ^aJ 



di = 



a 



-iG-3H)d2 = 



(3 + 2a - a')did2 



6 + 10a + -a^ - — a^ - a^ - -a^+ 
3 9 9 

4 = 



+4a(3 + 3a + a^)H + 4a(l + a)I 



d\di + 



55 



a 



1 + -a H a^ H a" H h 1 + a + 



a 



36 



12 



)G- 



+ (3 + 3a + - (2 + ^a)/ - ^aJ 



di = (24) 

First we observe that in the classical limit a — > all the constants G, J, J disappear 
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and the previous equations admit the classical solutions for the boundary coefficients 

a) do = d2 = di arbitrary 

b) di = ±V2 do, d2 arbitrary (25) 

in agreement with the results in Ref. [Q. 

Then we study the system at the quantum level. It is easy to verify that in the 
presence of a nonvanishing boundary potential, neglecting total derivative terms in the 
current {G = H = I= J = 0) would necessarily give unphysical (imaginary) solutions 
for some of the boundary coefficients dj. Therefore acceptable solutions are obtained only 
for nontrivial values of G, H, I, J. In particular it is possible to choose these constants so 
that the equations in ( Plj) are satisfied by the classical boundary coefficients in eq. 
with the extra condition do = d2- The details of the calculation and the explicit solutions 
will be given in a future publication 0. 

The ajfine Toda theory 
The lagrangian for this nonsimply-laced theory is given by 

P^C = e{xi 



-6{xi)B 
(26) 

where the boundary perturbation B is 

B = do e-^^^^+^'^ + rfi e7f^2 + d2 e^^"^^-^') (27) 

The first nontrivial high-spin conserved current in the bulk region is at spin 4: the most 
general expression consistent with the symmetry of the lagrangian under 01 — 0i, is 

j(^) = A{d<j),)^ + B{d4>2Y + C{d(i)if{d4>2f + +Dd4>id^4>id(i)2 + E{d^(t)if + F{d^(i)2f + 

+Gd{{d(l)ifd(i)2) + Hd{d4>2f + Id{d(l)id^(Pi) + Jd{d^2d^^2) (28) 

Cancellation of anomalous contributions to the conservation equation in the bulk fixes 
the A, B, . . . , F coefficients in (|^) (see also P]) 

A = B =1 C=-6(l + a) D = -6V2{2 + 3a + a^) 

E = -(4+ 12a+ ya^^Sa^) F = 2 + 3a + y (29) 

leaving G, H, J, J undetermined. A lengthy calculation gives the quantum trace (with 
the definition in (E^)) 



eo 



{2 + -a + -a' + -a^) + —^{G + H) - -{I + J) 



(901 + dcf>2f+ 
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+ 
+ 
+ 



— {l + 2a)G-I 



V2{1 + \a)G + ^aH - I - J d(t)xd^2 + 
2 V 2 J 

a ,1 a 5 o, ,^ rT\ « /r TN 



1 

72' 



1 

72' 



-V2{(t>l+(t>2) 



{ [6(2 + 3a + a^) - V2G] {d(t)if + 
+ 



-2(2 + H« + ^ ^) _ ^ 3^ ^ _ + |) j 



(902)' + 



— (a + -a' + + v/2(l + -) J 



e 



(30) 



Again, imposing the boundary condition (|T4|) one obtains that no anomalous contribu- 
tions are produced if the following equations are satisfied 

a{G - 3H)do = 

3 9 41 9 5 

(6 + -a - -a'^)didl - [12 + 23a H a' + -a^ + -a^ + 

2 2 3 2 6 

2 

- v^a(3 + 3a + a'^)H + -(1 + a)I + —J]di = 
80 2 

3a^dldo - a[16 + —a + 6a' - -a^ - ^2(6 + 6a + a^)H - 2(2 + a)I]do = 



a(G' - 3if)4 = 



(31) 



3 9 41 9 5 

(6 + -a - -a^)didl - [12 + 23a + —a' + -a^ + -a^ 
2 2 3 2 6 

2 

- v^a(3 + 3a + a')iJ + |(1 + a)I + y = 
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^2(6 + 6a + a'^)H - 2(2 + a)/]^ = 



In the classical limit the constants G, . . . , J do not enter and the solutions for the bound- 
ary coefficients are (see 0]) 



At the quantum level the situation is similar to the ^3 case. If we set G = . . . = J = 
we obtain inconsistent results, whereas with nonvanishing total derivatives we can satisfy 
the equations (|32[) without modifying the classical value of the boundary coefficients [0]. 

In conclusion we have found that for the two nonsimply-laced Toda theories under 
consideration, the coefficients of the total derivative terms in the spin-4 current can 
be chosen appropriately so that they have a finite (but not zero) classical limit and in 
general they depend on the particular value of the boundary coefficients in ( ^3] ) and (^) 
respectively. We emphasize once again that it is the presence of these total derivative 
terms that allows to maintain the quantum conservation of the q^^^ charge while keeping 
the boundary perturbing potential as fixed by the classical conservation. We observe that 
this was not possible for the spin-3 current of the a^^^ theories: in this case if we impose 
the quantum conservation, even including total derivative terms, we are forced to modify 
the interaction at the boundary by a finite renormalization |^. 



This work has been partially supported by grants no. SC1-CT92-0789 and no. CEE- 
CHRX-CT92-0035. 



a) di = 

b) do, d2 = ±V2 



do, d2 arbitrary 
di arbitrary 



(32) 
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